SOME REMARKS ON BRAUER'S THIRD MAIN THEOREM AJRYE JUHÁSZ
ABSTRACT.
We consider two classes of p-blocks of a finite group G which have the property that for every block B of them and every subgroup H of G, H has only a small number of admissible blocks b with bG = B. In this they are similar to the principal block of G. These blocks are described by means of certain modules they contain.
Introduction. Let G be a finite group of order \G\ and x a complex character of G in a p-block B of G, P | \G\. If u is an element of G of order a power of p and r is an element of G of order prime to p which commutes with u, then by [3, 1.1] M x(ur)=E £¿(x,#/>(r)
b€ß<f€ [b] where ß is the set of all the admissible blocks of Cq(u) with bG = B, d(x, <p) the generalized decomposition numbers and [b] is a basic set for b. (See [3] .) Here, following Brauer [3, 2C] , we call a block b of a subgroup H of G admissible if the centralizer of one of its defect groups is contained in H. When using (*), one has to have some information on ß. The aim of this work is to supply sufficient conditions for ß to be "small". A typical result of this kind is Brauer's Third Main Theorem which states that if B is the principal block of G and H is any subgroup of G, b an admissible block of H, then bG = B if and only if b is the principal block of H. For H = Cg(u) this implies, of course, that ß in (*) consists only of the principal block of H. Later, Brauer showed in [2] that, in general, blocks which contain a linear representation have a similar property. We shall describe more cases like this in terms of modular representations:
Call a block B of KG a quasi-principal block if every subgroup of G which has admissible blocks, has exactly one admissible block b with bG = B. Call B a weakprincipal block if for every subgroup H of G which has admissible blocks and for every p-subgroup Q of H there is at most one admissible block bot H with bG = B.
In these terms our main results are the following. Theorem 1. Let B be a block of KG and S a Sylow p-subgroup of G. Assume that K is a splitting field for the subgroups of G and B contains an indecomposable The proof of Theorem 2 provides a sufficient (and necessary) condition for a block B of KG to be the principal block (Theorem 3). As a corollary we get a result of Cassey and Gaschiitz [5] concerning certain elementary abelian sections of G of order a power of p.
In §1 we quote the necessary results and fix the notation. In §2 we investigate weak-principal blocks while in §3 we deal with quasi-principal blocks.
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1. Notation and preliminary results. In what follows fix the following notation: G a finite group, H a subgroup of G, S a Sylow p-subgroup of G, K a field of characteristic p, p | \G\, which is a splitting field for G and its subgroups, B a block of KG with idempotent E and M an indecomposable KG-xnodule in B. Write "component" for "indecomposable direct summand" and for every subgroup X of G and block c of X denote by (c, Mx) the fact that c contains a component of MxOther notation is standard, see [6] .
We recall some definitions and results from Brauer 's work [3] . Denote by P the set of all pairs (Q, b), where Q is a p-subgroup of G and b is a block of QC(Q), with the defect group Q. Here C(Q) stands for Cg{Q)- 2. All the results quoted from [3] have short module-theoretic proofs [10] . 3. Theorem 3 for the special case dim M = 1 was proved in [2, 4E] . Also it was proved there that the exact number of linear characters in the principal block is \G:TG'\.
